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Abstract
This paper is devoted to considering the zeros of complex diﬀerential-diﬀerence
polynomials of diﬀerent types. Our results can be seen as the diﬀerential-diﬀerence
analogues of Hayman conjecture (Ann. Math. 70:9-42, 1959).
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1 Introduction andmain results
Let f (z) be a meromorphic function in the complex domain. Assume that the reader is
familiar with standard symbols and fundamental results of Nevanlinna theory [, ]. Re-
call that a(z) is a small function with respect to f (z), if T(r,a) = S(r, f ), where S(r, f ) is
used to denote any quantity satisfying S(r, f ) = o(T(r, f )) as r → ∞ outside of a possible
exceptional set of ﬁnite logarithmic measure. Denote by ρ(f ) and ρ(f ) the order and the
hyper-order of f . In this paper, c is a non-zero complex constant, n, k are positive integers,
unless otherwise speciﬁed.
Hayman [] conjectured that if f is a transcendental meromorphic function, then f nf ′
takes every ﬁnite non-zero value inﬁnitely often. In fact, Hayman [] proved that if f is
a transcendental meromorphic function and n ≥ , then f nf ′ takes every ﬁnite non-zero
value inﬁnitely often. Later, the case n =  was settled by Mues []. Bergweiler and Ere-
menko [], Chen and Fang [, Theorem ] proved the case of n = , respectively. In the
past years, the topic on the zeros of diﬀerential polynomials has always been an important
research problem in value distribution of meromorphic functions. With the development
of the diﬀerence analogues of Nevanlinna theory, some authors paid their attention to the
zeros of diﬀerence polynomials. Laine and Yang [, Theorem ] ﬁrstly considered the ze-
ros distribution of f (z)nf (z+ c) – a, where a is a non-zero constant, which can be seen as a
diﬀerence analogue of Hayman conjecture. Recently, many authors were interested in the
zeros distribution of diﬀerence polynomials of diﬀerent types, such as [–].
A polynomial Q(z, f ) can be called a diﬀerential-diﬀerence polynomial in f whenever
Q(z, f ) is a polynomial in f (z), its shifts f (z + c) and their derivatives, with small functions
of f (z) as the coeﬃcients. It is interesting to consider the zeros of diﬀerential-diﬀerence
polynomials. The aim of the paper is to explore the diﬀerences or analogues among the
zeros of diﬀerential polynomials, diﬀerence polynomials, diﬀerential-diﬀerence polyno-
mials. Liu et al. [, Theorems . and .] considered this problem and obtained the fol-
lowing result, where cf = f (z + c) – f (z).
©2014 Liu et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
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TheoremA Let f be a transcendental entire function of ﬁnite order and a(z) be a non-zero
small function with respect to f (z). If n ≥ k + , then [f (z)nf (z + c)](k) – a(z) has inﬁnitely
many zeros. If f is not a periodic function with period c and n≥ k + , then [f (z)ncf ](k) –
a(z) has inﬁnitely many zeros.
If a(z) ≡  in Theorem A, some results can be found in []. In this paper, we will
consider the zeros of diﬀerential-diﬀerence polynomials of f (z)nf (k)(z + c) – a(z) and
f (z)n(cf )(k) – a(z).
Theorem . Let f be a transcendental entire function of hyper-order ρ(f ) < . If n ≥ ,
then f (z)nf (k)(z+ c) –a(z) has inﬁnitely many zeros, where a(z) is a non-zero small function
with respect to f (z).
Remark  () The condition that a(z) is a non-zero small function cannot be removed,
which can be seen by f (z) = ez and ec = . Thus we get f (z)nf (k)(z + c) = e(n+)z has no
zeros.
() The condition ρ(f ) <  cannot be deleted, which can be seen by f (z) = ee
z of ρ(f ) = ,
thus f (z)nf ′(z + c) + nez + P(z) = P(z) has ﬁnitely many zeros, where ec = –n and P(z) is a
non-zero polynomial. In fact, for any integer k, we can choose appropriate α(z) to make
f (z)nf (k)(z + c) + α(z) + P(z) = P(z), α(z) is a polynomial in ez .
If f is a ﬁnite order transcendental entire function, we prove the following result.
Theorem . Let f be a ﬁnite order transcendental entire function. If n ≥ , then
f (z)nf (k)(z + c) – a(z) has inﬁnitely many zeros, where a(z) is an entire function with
ρ(a) < ρ(f ).
Deﬁnition  Deﬁne that a polynomial p(z) is a Borel exceptional polynomial of f (z) when
λ
(




log+N(r, f (z)–p(z) )
log r < ρ(f ),
where λ(f (z) – p(z)) is the exponent of convergence of zeros of f (z) – p(z).
Theorem. Let f be a ﬁnite order transcendental entire functionwith a Borel exceptional
polynomial d(z). If n≥ , then f (z)nf (k)(z+ c)–b has inﬁnitely many zeros,where b is a non-
zero constant.
Remark  () The condition that b is a non-zero constant cannot be removed, which can
be seen by f (z) = ez which has a Borel exceptional value . Thus, we get f (z)nf (k)(z + c) =
ece(n+)z has no zeros.
() From the above three theorems, we can reduce the value of n with additional condi-
tions. However, we hope that the condition n≥  can be reduced to n≥  in Theorem ..
Unfortunately, we have not succeeded in doing that.
If f (z) is a transcendental meromorphic function, we obtain the next result.
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Theorem . Let f be a transcendental meromorphic function of hyper-order ρ(f ) < . If
n ≥ k + , then f (z)nf (k)(z + c) – a(z) has inﬁnitely many zeros, where a(z) is a non-zero
small function with respect to f (z).
Using the similar method of proofs of Theorems . and . below, we can get the fol-
lowing result.
Theorem . Let f be a transcendental meromorphic (entire) function of hyper-order
ρ(f ) < . If n ≥ k +  (n ≥ ), then f (z)n(cf )(k) – a(z) has inﬁnitely many zeros, where
a(z) is a non-zero small function with respect to f (z).
Finally, we recall the classical results due to Hayman [, Theorems  and ], which can
be combined as follows.
Theorem B Let f be a transcendental meromorphic function and a = , b be a ﬁnite com-
plex constant. Then f n + af ′ – b has inﬁnitely many zeros for n ≥ . If f is transcendental
entire, this holds for n≥ , resp. n≥ , if b = .
We then proceed to consider the zeros of f (z)n + a(z)f (k)(z + c) – b(z), which can be seen
as the diﬀerential-diﬀerence analogues of Theorem B.
Theorem . Let f be a transcendental entire function with ﬁnite order, let a(z), b(z) be
small functions with respect to f . Then f (z)n +a(z)f (k)(z+ c) +b(z) has inﬁnitely many zeros
for n≥ , resp. n≥ , if b(z)≡ .
Remark  The condition n≥  cannot be improved if b(z) ≡ , which can be seen by the
function f (z) = ez +  and ec = , thus f (z) – f ′(z + c) –  = ez has no zeros. The condition
n ≥  cannot be improved if b(z) ≡ , which can be seen by the function f (z) = ez and
ec = , thus f (z) – f ′(z + c) = –ez has no zeros.
2 Some lemmas
The diﬀerence analogue of logarithmic derivative lemma, given by Chiang and Feng [,
Corollary .], Halburd and Korhonen [, Theorem .], plays an important part in con-
sidering the diﬀerence analogues of Nevanlinna theory. Afterwards, Halburd, Korhonen
and Tohge improved the condition of growth from ρ <∞ to ρ(f ) <  as follows.
Lemma. [, Theorem .] Let f be a transcendentalmeromorphic function of ρ(f ) < ,
ς < , ε is a number small enough. Then
m
(






= S(r, f ), (.)
for all r outside of a set of ﬁnite logarithmic measure.
Lemma . [, Lemma .] Let T : [, +∞) → [, +∞) be a non-decreasing continuous




log r = ς < , (.)
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and δ ∈ (,  – ς ), then





for all r runs to inﬁnity outside of a set of ﬁnite logarithmic measure.
From Lemma ., then we get the following lemma.
Lemma . Let f (z) be a transcendental meromorphic function of ρ(f ) < . Then
T
(
r, f (z + c)
)




r, f (z + c)
)
=N(r, f ) + S(r, f ),N
(






+ S(r, f ). (.)







= S(r, f ) (.)
for all r outside of a set of ﬁnite logarithmic measure.
















r, f (z + c)f (z)
)
= S(r, f ). 














+ nN(r, f ) + S(r, f ). (.)
Lemma . Let f (z) be a transcendental meromorphic function of ρ(f ) < , and let F(z) =
f (z)nf (k)(z + c). Then
(n – k – )T(r, f ) + S(r, f )≤ T(r,F)≤ (n + k + )T(r, f ) + S(r, f ). (.)
If f (z) is a transcendental entire function of ρ(f ) < , then






f (k)(z + c)
f (z) .
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From Lemma ., Lemma . and the standard Valiron-Mohon’ko theorem [, ] and f
is a transcendental meromorphic function, then we obtain






















+ S(r, f )




+ S(r, f )
≤ T(r,F) + (k + )T(r, f ) + S(r, f ). (.)
On the other hand, using Lemma ., we have
T(r,F) ≤ nT(r, f ) + T(r, f (k)(z + c)) + S(r, f )
≤ nT(r, f ) + T(r, f ) + kN(r, f ) + S(r, f )
≤ (n + k + )T(r, f ) + S(r, f ). (.)
Thus, (.) follows from (.) and (.). If f is a transcendental entire function with
ρ(f ) < , then










r, Ff (z)f (k)(z + c)
)











+ S(r, f )
≤ T(r,F) + T(r, f ) + S(r, f ). (.)
Thus, (.) follows from (.) and (.). 
Using the similar method as the proof of Lemma ., we get the following result, which
is important in the proof of Theorem ..
Lemma . Let f (z) be a transcendental meromorphic function of ρ(f ) < , and let G(z) =
f (z)n(cf )(k). Then
(n – k – )T(r, f ) + S(r, f )≤ T(r,G)≤ (n + k + )T(r, f ) + S(r, f ). (.)
If f (z) is a transcendental entire function of ρ(f ) < , then
nT(r, f ) + S(r, f )≤ T(r,G)≤ (n + )T(r, f ) + S(r, f ). (.)
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Remark () The right inequality of (.) cannot be improved, which can be seen by f (z) =

+ez , ec = –, thus f (z)(cf )′ =
ez+ez
(+ez)(–ez) , which implies that T(r, f (z)
(cf )′) = T(r, f )+
S(r, f ).
() Inequality (.) cannot be improved. If f (z) = ez + z, ec = , thus f (z)n(cf )′ =
c(ez + z)n, which implies that T(r, f (z)n(cf )′) = nT(r, f ) + S(r, f ). If f (z) = ez , ec = , thus
f (z)n(cf )′ = e(n+)z, which implies that T(r, f (z)n(cf )′) = (n + )T(r, f ) + S(r, f ).
The following two results are due to Yang and Yi, see [].
Lemma . [, Theorem .] Let f, f, f be meromorphic functions such that f is not a
constant. If f + f + f =  and if
∑
j=








where λ <  and T(r) :=max≤j≤ T(r, fj), then either f =  or f = .




j= fj(z)egj(z) ≡ ,
(ii) the order of fj is less than that of egh(z)–gk (z) for ≤ j ≤ n, ≤ h < k ≤ n, then fj(z)≡ 
(j = , , . . . ,n).
3 Proofs of Theorem 1.1 and Theorem 1.4
Denote F(z) = f (z)nf (k)(z + c). From Lemma ., then F(z) is not a constant. Assume that
F(z) – a(z) has only ﬁnitely many zeros, from the second main theorem for three small
functions [, Theorem .] and Lemma ., then we get






r, F – a(z)
)
+ S(r,F)






r, f (k)(z + c)
)
+ S(r, f )
≤ (k + )T(r, f ) + S(r, f ). (.)
From Lemma ., if f (z) is a transcendental meromorphic function, we get
(n – k – )T(r, f )≤ (k + )T(r, f ) + S(r, f ),
which is a contradiction with n≥ k + . If f (z) is a transcendental entire function, we get
nT(r, f )≤ T(r,F)≤ T(r, f ) + S(r, f ),
which is a contradiction with n≥ .
4 Proof of Theorem 1.2
From Theorem ., we just need to prove the case that n = . Suppose contrary to the
assertion that f (z)f (k)(z+ c) –a(z) has ﬁnitely many zeros, where a(z) is an entire function
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with ρ(a) < ρ(f ). Then from the Hadamard factorization theorem, we have
f (z)f (k)(z + c) – a(z) =H(z)eQ(z), (.)
where H(z), Q(z) are non-zero polynomials and degQ ≤ ρ(f ). Diﬀerentiating (.) and
eliminating eQ(z), we obtain
f (z)F(z, f ) = q∗(z), (.)
where
F(z, f ) = f ′(z)f (k)(z + c)H(z) +H(z)f (z)f (k+)(z + c) – p∗(z)f (z)f (k)(z + c),
and
p∗(z) =H ′(z) +H(z)Q′(z), q∗(z) = a′(z)H(z) – a(z)H ′(z) – a(z)H(z)Q′(z).
We aﬃrm that F(z, f ) cannot vanish identically. Indeed, if F(z, f )≡ , then











where A is a non-zero constant. Since a(z) is an entire function with ρ(a) < ρ(f ) and
H(z) is a non-zero polynomial. Thus, we get degQ < ρ(f ). Therefore f (z)f (k)(z + c) =
(A + )H(z)eQ(z), from Lemma . and Lemma . we get











+ T(r, f ) + S(r, f ), (.)




r, f (z)F(z, f )
)
= S(r, f ). (.)





= S(r, f ), (.)
obviously, F(z, f ) is an entire function. Thus, from (.) and (.), we get T(r, f ) = S(r, f ),
which is a contradiction.
Liu et al. Advances in Diﬀerence Equations 2014, 2014:157 Page 8 of 11
http://www.advancesindifferenceequations.com/content/2014/1/157
5 Proof of Theorem 1.3
If d(z) ≡  is a Borel exceptional polynomial of f (z), thus the value  is a Borel exceptional
value of f (z)d(z) , if d(z)≡ , then the value  is a Borel exceptional value of f (z), then f (z) must
have positive integer order [, p., Corollary]. Without loss of generality, assume that
ρ(f ) = s, s is a positive integer, then the transcendental entire function f (z) can be written
as f (z) = d(z)+h(z)eαzs , where α is a nonzero constant and h(z) is a nonzero entire function
with λ(h)≤ ρ(h) < ρ(f ) = s. Hence,
f (z + c) = d(z + c) + h(z + c)eα(z+c)s = d(z + c) + h(z)eαz
s , (.)
where
h(z) = h(z + c)eα(C
s zs–c+Cs zs–c+···+Cs–s zcs–+cs). (.)
From Theorem ., we need to prove the case of n =  only. Suppose that f (z)f (k)(z + c) – b
has ﬁnitely many zeros, from the Hadamard factorization theorem, then we assume that
f (z)f (k)(z + c) – b = A(z)eβzs , (.)
where A(z) is an entire function with order ρ(A) < s and has ﬁnitely many zeros, β is a




d(z + c) + h(z)eαz
s](k) – b = A(z)eβzs . (.)
Let B(z) = sαh(z)zs– +h′(z), B(z) = sαB(z)zs– +B′(z), . . . , Bk(z) = sαBk–(z)zs– +B′k–(z).
Thus, we have
[
h(z)d(k)(z + c) + d(z)Bk(z)
]
eαzs + h(z)Bk(z)eαz
s –A(z)eβzs = b – d(z)d(k)(z + c). (.)
Since d(z) is a nonzero polynomial, then we get d(z)d(k)(z + c) – b ≡ . Let f =
[h(z)d(k)(z+c)+d(z)Bk (z)]eαz
s
b–d(z)d(k)(z+c) , f =
h(z)Bk (z)eαz
s
b–d(z)d(k)(z+c) , f =
–A(z)eβzs
b–d(z)d(k)(z+c) . Thus, we get f + f + f = . Since
ρ(h(z)) < s, ρ(A(z)) < s, which implies that ρ(Bk(z)) < s, we get f, f, f are not constants,
which is a contradiction with Lemma .. The proof of Theorem . is completed.
6 Proof of Theorem 1.6
Let ψ := a(z)f (k)(z+c)+b(z)f (z)n . We proceed to proving that ψ +  has inﬁnitely many zeros, thus
f (z)n+a(z)f (k)(z+ c)+b(z) has inﬁnitely many zeros. If f is a transcendental entire function
with ﬁnite order, we will prove
T(r,ψ)≥ (n – )T(r, f ) + S(r, f ). (.)







r,ψ · a(z)f (k)(z + c) + b(z)
)
+O()
≤ T(r,ψ) + T(r,a(z)f (k)(z + c) + b(z)) +O()
≤ T(r,ψ) + T(r, f ) + S(r, f ). (.)
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r, a(z)f (k)(z + c) + b(z)
)
+ S(r, f ). (.)
Using the second main theorem, Lemma ., Lemma ., we get























r, a(z)f (k)(z + c) + b(z)
)
+ S(r, f )





+ S(r, f ). (.)
Since n ≥ , then (.) implies that ψ +  has inﬁnitely many zeros. In what follows, we
will prove that if f is a transcendental entire function with ﬁnite order and b(z) = , then
n can be reduced to n≥ .
We suppose that f (z)n +a(z)f (k)(z+ c) +b(z) has ﬁnitely many zeros, from the Hadamard
factorization theorem, then there exist two polynomials r(z) and p(z) such that
f (z)n + a(z)f (k)(z + c) + b(z) = r(z)ep(z). (.)


















a(z)f (k)(z + c) + b(z)
)
. (.)
If nf ′ – (p′ + r′/r)f ≡ , then f (z)n = Cr(z)ep(z). Thus, from (.), we get
C – 
C f (z)
n + a(z)f (k)(z + c) + b(z) = . (.)
Thus C = , otherwise, nT(r, f ) = T(r,a(z)f (k)(z + c) + b(z)) ≤ T(r, f ) + S(r, f ), which is a
contradiction with n ≥ . Hence a(z)f (k)(z + c) + b(z) = , which is also a contradiction.
Thus nf ′ – (p′ + r′/r)f ≡ . Since n≥ , wemay apply the Clunie lemma [, Lemma ..],











= S(r, f )















= S(r, f ).
Combining the above two estimates, we obtain T(r, f ) = S(r, f ), a contradiction.

















a(z)f (k)(z + c)
)
. (.)





= S(r, f ).























































































Weproceed to show thatN(r, /f ) = S(r, f ). Suppose that z is a zero of f withmultiplicity k.
If k ≥ , then z is a zero of φ, the contribution toN(r, /f ) is S(r, f ). If the zero of f is simple
andwemust have that p′+ r′r +
φ′
φ
vanishes at z, which impliesN(r, f ) = S(r, f ). Therefore,
we can assume that f (z) takes the form f (z) = ϕ(z)eαzs , where q(z) is a polynomial and
N(r, 
ϕ




](k) = r(z)ep(z) := g(z)eβzs ,
where g(z) is an entire function with ρ(g) < s, β is a constant. If β = α, which implies
that [ϕ(z + c)eα(z+c)s ](k) ≡ , which is impossible. If β = α, then ϕ(z) ≡ , which also is
impossible. Thus, β = α and β = α, from Lemma ., we get ϕ(z)eαzs ≡ , a(z)[ϕ(z +
c)eα(z+c)s ](k) ≡  and g(z)eβzs ≡ , which are impossible. Thus, we have completed the proof
of Theorem ..
Remark  Inequality (.) is not valid for f (z) is a transcendental meromorphic func-
tion, which can be seen by f (z) = tan z, thus ψ := tan′(z+π )–tann z =

tann– z . Thus, T(r,ψ) =
(n – )T(r, f ) + S(r, f ).
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